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Radiotherapy Treatment Planning 
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Given a CT scan of a patient and the 
location of a tumour, optimise the 
radiotherapy beam placement to: 

• Maximise dosage to the tumour

• Minimise dosage to key organs

• 5% error => change in tumour 
control probability by up to 20%  

Medical News Today; 2018 

Linear Particle Accelerator
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• Monte Carlo vs Deterministic Solvers
Borgers 1998, Gifford et al. 2006
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➡ Develop unified discontinuous Galerkin finite element 
approximation of the linear Boltzmann problem employing general 
polytopic meshes in space.

✓Stability and Convergence Analysis

✓Discrete Ordinates Implementation

✓Fast Numerical Integration

✓Development of Robust Solvers 
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Linear Boltzmann Transport Problem
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<latexit sha1_base64="MiHU1qBiIISs9Mw1IHcMyIOM5S0=">AAAGE3icjVTbbhNJEB1izMUs90deSsRIATmRnUjcBBL3gLRascsGkDIh6ukpj1vu6R66exKb0XwGf8Ef8IZ45QP4G6pn7GzGQbDzVD5V1ef06SpHmRTW9fvfjy21jrdPnDx1unPmj7Pnzl+4eOm11bnhuMW11OZtxCxKoXDLCSfxbWaQpZHEN9H4sc+/2UNjhVb/ummGOylLlBgKzhxBuxeXPoURJkIVwmEqPmDZCX0ERRhH8C </latexit>

• Space: polytope x 2 ⌦ ⇢ Rd where d = 2 or 3,
• Angle: unit sphere µ 2 S = {µ 2 Rd such that |µ| = 1},
• Energy: non-negative reals E 2 E = {E 2 R with E � 0},
• Full domain: D = ⌦⇥ S⇥ E
• Inflow boundary: �in = {(x,µ, E) 2 D̄ : x 2 @⌦ and µ · nnn < 0}



Linear Boltzmann Transport Problem

Boltzmann Problem
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Find u : D ! R such that

µ ·rxu(x,µ, E) + (↵(x,µ, E) + �(x,µ, E))u(x,µ, E) = S[u](x,µ, E) + f(x,µ, E) in D,

u(x,µ, E) = gD(x,µ, E) on �in.
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Here f, gD,↵ : D ! R are given data terms, with the scattering operator

S[u](x,µ, E) =
Z

E

Z

S
✓(x,⌘ ! µ, E0 ! E)u(x,⌘, E0) d⌘ dE0,

✓ is problem data and �(x,µ, E) =
R
E
R
S ✓(x,µ ! ⌘, E ! E0) d⌘ dE0.



Linear Boltzmann Transport Problem

8

<latexit sha1_base64="jcaQymT4Atwe3WKyxP5K3Wa2+hk="></latexit>

Find u : D ! R such that

µ ·rxu(x,µ, E) + (↵(x,µ, E) + �(x,µ, E))u(x,µ, E) = S[u](x,µ, E) + f(x,µ, E) in D,

u(x,µ, E) = gD(x,µ, E) on �in.

<latexit sha1_base64="98dk7h3+qeE5RlxLPOd0UsJDTso="></latexit>

Here f, gD,↵ : D ! R are given data terms, with the scattering operator

S[u](x,µ, E) =
Z

E

Z

S
✓(x,⌘ ! µ, E0 ! E)u(x,⌘, E0) d⌘ dE0,

✓ is problem data and �(x,µ, E) =
R
E
R
S ✓(x,µ ! ⌘, E ! E0) d⌘ dE0.

<latexit sha1_base64="CK7mehHVenIqmDOv0pPF3Exd4cE="></latexit>

• u(x,µ, E): fluence of particles with energy E 2 E, travelling in direction µ 2 S,
passing through x 2 ⌦.

• ✓(x,⌘ ! µ, E0 ! E): proportion of particles at x with energy E0 travelling
in direction ⌘ which transition to direction µ and energy E as a result of an
instantaneous collision with the medium.

• ↵(x,µ, E): loss of particles absorbed by the medium.

• �(x,µ, E): loss of particles that are scattered into other directions and energies.



Linear Boltzmann Transport Problem
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Find u : D ! R such that
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Assumptions:
• Scattering doesn’t gain energy: ✓(x,⌘ ! µ, E0 ! E) = 0 for E0 < E.

• Compactly supported data: supp(f), supp(gD) ⇢ E.
• Angularly isotropic medium:

– ↵(x,µ, E) = ↵(x, E),
– ✓(x,⌘ ! µ, E0 ! E) = ✓(x,µ · ⌘, E0 ! E).

• There exists a constant c0 such that

c(x,µ, E) := ↵(x,µ, E) +
1
2
(�(x,µ, E)� �(x,µ, E)) � c0 > 0,

where �(x,µ, E) =
R
E
R
S ✓(x,⌘ ! µ, E0 ! E) d⌘ dE0.



Discretization Methods
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Energy discretisation
• Multigroup Lewis & Miller 1984

Angular discretisation
• Spherical harmonics in angle (P_N approximation) Spectral Plasma Solver group, Los 

Alamos, …
• Reformulate as a spatial diffusion problem (simplified P_N approximation) 

Gelbard, McClarren, …
• Discrete ordinates methods (S_N methods) Chandrasekhar, Carlson, Thurgood, 

Kanschat, Adams, Ragusa, …
• Wavelet methods Smedley-Stevenson, Dargaville, Pain, …

• Continuous or discontinuous piecewise polynomials or piecewise spherical 
harmonics Kophazi & Lathouwers 2015, Hall, H., & Murphy 2017, Lau & Adams 2017, Yang 2018, 
…

…

Space discretisation
• Finite difference methods (e.g. diamond differences)
• Finite volume methods Adam 1970 …

• Discontinuous Galerkin methods Reed and Hill 1973 …

• Characteristics-based methods Jones, Kunasz, Auer, …



DGFEM Formulation
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• Space Discretization:
– Polytopic mesh T⌦ = {⌦}.
– Discrete Space

Vp
⌦ = {v 2 L2(⌦) : v|⌦ 2 Pp⌦

(⌦) 8⌦ 2 T⌦}.
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• Angular Discretization:
– Angle mesh TS = {S}.
– Discrete Space

Vq
S = {v 2 L2(S) : v|S 2 QqS (S) 8S 2 TS}.
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• Energy Discretization:
– Energy mesh TE = {g} for [Emin, Emax].
– Discrete Space

Vr
E = {v 2 L2([Emin, Emax]) : v|g 2 Prg

(g) 8g 2 TE}.
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• Combined DGFEM space: Vp,q,r
h = Vp

⌦ ⌦ Vq
S ⌦ Vr

E



DGFEM Formulation
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• Spatial DGFEM bilinear form and linear functional:

aEµ (w, v) =
X

⌦2T⌦

Z

⌦

(µ ·rxwv + (↵+ �)wv) dx�
X

⌦2T⌦

Z

@�⌦\@⌦
(µ · n)bucv+ ds

�
X

⌦2T⌦

Z

@�⌦\@⌦
(µ · n)w+v+ ds,

`Eµ (v) =

Z

⌦
fw dx�

X

⌦2T⌦

Z

@�⌦\@⌦
(µ · n)gDw ds.
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• DGFEM scheme: find uh 2 Vp,q,r
h such that

b(uh, vh) := a(uh, vh)� s(uh, vh) = `(vh) 8vh 2 Vp,q,r
h ,

where

a(wh, vh) =

Z

E

Z

S
aEµ (wh, vh) dµ dE, s(wh, vh) =

Z

E

Z

S

Z

⌦
S[wh](x,µ, E)vh dx dµ dE,

`(vh) =

Z

E

Z

S
`Eµ (vh) dµ dE.
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Stability
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<latexit sha1_base64="cj4ufmXwRJPPafCIWVIHZhikwcA="></latexit>

• DGFEM norm:

|||v|||2DG = k
p
cvk2L2(D) +

1

2

Z

E

Z

S

X

⌦2T⌦

⇣
kv+ � v�k2@�⌦\@⌦ + kv+k2@⌦\@⌦

⌘
dµ dE.

where we recall that

c(x,µ, E) := ↵(x,µ, E) +
1

2
(�(x,µ, E)� �(x,µ, E)).

Lemma (Coercivity)
<latexit sha1_base64="tDWsFjBfPWOlzU3K16kU3sTnbo0="></latexit>

b(v, v) � |||v|||2DG 8v 2 Vp,q,r
h .
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• Streamline norm:

|||v|||2s = |||v|||2DG +

Z

E

Z

S

X

⌦2T⌦

⌧⌦kµ ·rxvk2L2(⌦) dµ dE.

Selecting ⌧⌦ as follows:

⌧⌦ =
h?
⌦

p2⌦

,

we deduce the following result.
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Lemma (inf-sup stability)
<latexit sha1_base64="vhlxGNUpURvknSw7UpZj3bE+rGE="></latexit>

inf
v2Vh\{0}

sup
w2Vh\{0}

b(v, w)

|||v|||s|||w|||s
� ⇤.
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Z

E

Z

S

X
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Theorem (H., Hubbard, Radley, Sutton, & Widdowson 2024)
<latexit sha1_base64="clWVrOdzYYvDpj2fbdDvZivdH/0="></latexit>

For uniform orders we have that

|||u� uh|||s  C
hs�1/2

pk�1 kukHk(D).

for s = min{p+ 1, k}, k � 1.
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• DGFEM scheme: find uh 2 Vp,q,r
h such that

Z

E

Z

S
aEµ(uh, vh) dµ dE�

Z

E

Z

S

Z

⌦
S[uh](x,µ, E)vh dx dµ dE = `(vh) 8vh 2 Vp,q,r

h .
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AU SU F

In matrix form, we have: find U such that

➡ S is typically large and dense.

<latexit sha1_base64="ercIRseOAyDgQk2O3DJ/5yO79dE="></latexit>

AU� SU = F
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Example: Source iteration (preconditioned Richardson iteration)

Given U0, find Un such that

AUn = SUn�1 + F, n = 1, 2, . . .

until convergence.

<latexit sha1_base64="7msrgvDkSSQoblIVaoWp4xNFr9o="></latexit>

• DGFEM scheme: find uh 2 Vp,q,r
h such that

Z

E

Z

S
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Z

E

Z

S

Z

⌦
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Theorem (PH, Hubbard, Radley 2024)
<latexit sha1_base64="zRJA9beQuUNraV6B/pjTbctMrKQ="></latexit>

The source iteration solution satisfies:

|||uh � u(n+1)
h |||a 

p
q�q� |||uh � u(n)h |||a

for all n � 0, where

q� = sup
x2⌦,E2E

�(x, E)
↵(x, E) + �(x, E)

, q� = sup
x2⌦,E2E

�(x, E)
↵(x, E) + �(x, E)

.

Thus, we have the following a posteriori solver error bound:

|||uh � u(n+1)
h |||DG  p

r� ||
p
�(u(n)h � u(n+1)

h )||L2(D)

for all n � 0, where

r� = sup
x2⌦,E2E

�(x, E)
c(x, E)

.
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Energy Discretization:
• Divide E = [Emin, Emax] into energy groups g = (Eg, Eg�1) with

Emax = E0 > E1 > . . . > ENE�1 > ENE = Emin.

• Assumption on scattering
h
✓(x,µ · ⌘, E0 ! E) = 0 for E0 < E

i
implies that u|Gg

does not depend on u|Gg0 for g0 > g
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➡  We can solve for solutions in each energy group sequentially
  (standard Multigroup tool)                            Lewis & Miller 1984
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Energy & Angular Basis/Quadrature:
• Employ Nodal DGFEM approximation
• Lagrangian basis defined at the Gauss quadrature points (employing p+1 points
in each direction).

• Discrete ordinates discretization in angle.
• For each energy group, a sequence of uncoupled linear transport problems must
be computed for each angular quadrature (ordinate) point.
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Algorithm 1 High order multigroup algorithm for the DGFEM scheme

Initialise solution vectors U0
µm,El

= 0 2 <N⌦ for each angle and energy quadrature point
µm and El

for energy group g with g 2 {1, . . . ,NE} do
for source iteration t 2 {1, . . . ,N} do

. Compute scattering
for (PAR) Energy quadrature points El 2 :�mbbG2;2M/`2Ug-rg + 1V
do

for (PAR) Angular quadrature points µm 2S
S2TS :�mbbG2;2M/`2US-qS + 1V do

Evaluate scattering: SEµ 2 <N⌦ , (SEµ)i = s(ut�1
h ,'i

⌦'
l
g'

m
S)

. Compute streaming
for (PAR) Energy quadrature points El 2 :�mbbG2;2M/`2Ug-rg + 1V
do

for (PAR) Angular quadrature points µm 2S
S2TS :�mbbG2;2M/`2US-qS + 1V do

Assemble

(
transport matrix AE

µ 2 <N⌦⇥N⌦ with (AE
µ)i,j = aEµ('

i
⌦,'

j
⌦),

source vector FEµ 2 <N⌦ with (FEµ)i = `Eµ('
i
⌦'

l
g'

m
S).

Solve AE
µU

t
µm,El

= r2B;?iUEV�1r2B;?iUµV�1(FEµ + SEµ)
Output: Angular flux vectors Ut

µm,El
for each µm, El.
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Spatial Discretization:
• Apply Tarjan’s strongly connected components algorithm.

• Matrix free implementation.

• Quadrature free evaluation of integrals over general polytopes.

Tarjan 1972, Hall, H, & Murphy 2017

Lasserre 1998, Chin, Lasserre, & Sukumar 2015, Antonietti, H., & Pennesi 2018,
Radley, H., & Hubbard 2024 
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Spatial Discretization:
• Apply Tarjan’s strongly connected components algorithm.

• Matrix free implementation.

• Quadrature free evaluation of integrals over general polytopes.

Tarjan 1972, Hall, H, & Murphy 2017

Lasserre 1998, Chin, Lasserre, & Sukumar 2015, Antonietti, H., & Pennesi 2018,
Radley, H., & Hubbard 2024 
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) Highly parallelizable efficient algorithm
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• f : F ! R denotes a (positively) homogeneous function of degree q 2 R.

• F is a k-dimensional facet, 0  k  d, with @F = {@Fi}m(F)
i=1 .

• xF is an arbitrary point contained in F (or the k-dimensional hyperplane
containing F ).

Z

F
f(x) ds =

1
dimF + q

2

4
m(F)X

i=1

dist(@Fi,xF )

Z

@Fi

f(x) d⇠ +
Z

F
xF ·rf(x) ds

3

5 .

Lasserre 1998, Chin, Lasserre, & Sukumar 2015, Antonietti, H., & Pennesi 2018,
Radley, H., & Hubbard 2024 
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8

Remark 4 (Algorithm 1 as a depth-first search). The recursion of Algorithm 1 can be understood as a
depth-first search of the graph G(P) starting at P where I(F ,J) is assembled at each unvisited face
F . By contrast, the implementation of Algorithm 1 given in [8] can be understood as a breadth-first
search of the transpose graph G0(P) starting at ;, where G0(P) di↵ers from G(P) only by reversal of
the directed edges.

c b

d

a

(a) A tetrahedron T3 with labelled vertices.

abcd

abc abd acd bcd

ab ac ad bc bd cd

a b c d

;

(b) The associated graph G(T3).

Figure 1. Example of a tetrahedron P = T3 (left) and the associated recursive call graph
G(P) (right). Each vertex of G(P) represents a facet of the tetrahedron (e.g., a vertex, an
edge or a face). Edges between vertices in G(P) denote the relationship between facets on
the boundaries of other facets (e.g., the edge ab lies on the boundary of the face abc).

The time complexity of Algorithm 1 can be understood in terms of the sizes of the vertex and edge
sets V(P) and E(P). In particular, we have that

dX

k=0

X

F⇢P
dimF=k

(2m(F ) + 4d) = 2
dX

k=0

X

F⇢P
dimF=k

m(F ) + 4d
dX

k=0

card{F ✓ P : dimF = k} = 2|E(P)| + 4d|V(P)|

and the time and space complexities reported in Lemma 1 can be alternatively be written as
O ((|E(P)| + d|V(P)|)|J|) and O(|V(P)||J|), respectively. Table 1 gives the time and space complexities
of Algorithm 1 for a number of di↵erent classes of polytopes, as well as the sizes of the vertex and
edge sets V(P) and E(P) in the graph G(P), respectively.

In practical finite element applications, P may denote a d-dimensional mesh element, d = 2, 3, in
a polytopic mesh T of some domain of interest ⌦. Historically, simplicial or tensor-product elements
have been used to partition the domain, though general polytopic elements have been proposed more
recently, cf. [1, 3, 5, 6, 9], for example. The following theorem characterises the time and space
complexities of Algorithm 1 in these special cases.

Mathematics in Engineering Volume 6, Issue 1, xxx–xxx.
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10

corresponding reference points (xFn)n�0 for which Algorithm 1 can compute I(P,J) - is an open
problem.

abcd | a

abc abd acd bcd

ab ac ad bc bd cd

a b c d

;

abcd | a

abc abd acd bcd | b

ab ac ad bc bd cd

a b c d

;

abcd | a

abc abd acd bcd | b

ab ac ad bc bd cd | c

a b c d

;

Figure 2. E↵ect of pruning on the recursive call graph for Algorithm 1 in the case P = T3

as in Figure 1. Left-to-right: first three recursive executions of ComputeIntegrals. Blue
node: facet F associated with current execution of ComputeIntegrals(F ,J) and choice
of reference point xF . Yellow nodes: facets F associated with previous executions of
ComputeIntegrals(F ,J) and choice of reference point xF . Red nodes: facets F eliminated
from recursion as a result of pruning; i.e., unvisited facets with dist(F , xF 0) = 0 for some
previously-selected reference point xF 0 .

2.1.2. Time complexity of distance pre-computation

It is convenient to omit the computation of distances of the form dist(@Fi, xF ) in the proof of
Lemma 1 since such quantities do not need to be re-computed for each I(F ,↵). In cases where
|J| is very small or P is high-dimensional, the evaluation of these distances can become the most
computationally-expensive part of Algorithm 1. For instance, it is shown in [4] that the time complexity
of the computation of the volume of a d-dimensional hypercube via the quadrature-free integration
method is O(d43d), which is a factor of O(d3) larger than that predicted by Lemma 1. To remedy this,
the following lemma measures the complexity of operations omitted in the proof of Lemma 1.

Lemma 3 (Time complexity of distance pre-computation). The time complexity of evaluating the set

{dist(@Fi, xF ) : 1  i  m(F ), 0  dimF  d}

is O(�3(P)), where

�3(P) = d
dX

k=0

X

F✓P
dimF=k

k2m(F ).

Alternatively, the time complexity may be expressed as O(d3|E(P)|).

Proof. Let F denote a k-dimensional facet with selected reference point xF . Let @F denote any of its
(k � 1)-dimensional boundary facets. Suppose that @F has n vertices {xi}n�1

i=0 and note that k  n. The

Mathematics in Engineering Volume 6, Issue 1, xxx–xxx.
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[2 Spatial dimensions + 1 angular dimension + 1 energy dimension]
<latexit sha1_base64="3M1auPEcT3zBKaV/jvbClG/sasE="></latexit>

• Let ⌦ = (0, 1)2 (in units of m) and E = (500keV, 1000keV).
• Macroscopic total absorption cross-section: ↵ = 0.
• Differential scattering cross-section:

✓(x,µ0 ! µ, E0 ! E) = ⇢(x)�KN(E0, E,µ · µ0)�(F(E0, E,µ · µ0)),

where ⇢(x) ⇡ 3.34281⇥ 1029e/m3 is the electron density of water.
• Here, �KN is the Klein-Nishina differential scattering cross-section defined by

�KN(E, E0, cos�) =
1
2
r2e

✓
E0

E

◆2 ✓E0

E
+

E
E0

� sin2 �

◆
,

with re ⇡ 2.81794⇥ 10�15m and F(E, E0, cos�) = E0 � E
1+ E

511 (1�cos�)
.

• Finally, f and gD are selected so that

u(x,µ, E) = e�(Eµ·x/Emax)
2
e�(1�(E/Emax)

2)�1
.

Arthur Holly Compton; Peter Debye (1923)
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Polymesher; Talischi et al. 2012
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[2 Spatial dimensions + 1 angular dimension + 1 energy dimension]High–order Space-Angle-Energy DGFEMs for Boltzmann transport 27
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p = 2, DGFEM-norm

Fig. 1 Example 1: Convergence of the DGFEM under h–refinement for p = 0, 1, 2. Here,
the DGFEM-norm is defined in (12).

degrees. To this end, the spatial meshes are (non-nested) polygonal grids gen-
erated using the Polymesher software package, cf. [41]. As noted in Section 3.2
the angular meshes are formed by mapping uniform interval elements, defined
on the boundary of the square (�1, 1)2 to the unit circle S. We set polynomial
degrees p⌦ = p for all ⌦ 2 T⌦, qS = p for all S 2 TS, and rg = p for
all g 2 TE. Figure 1 shows the error, measured in terms of both the L2(D)
and DGFEM-norm, against the number of degrees of freedom (denoted by
N) in the underlying finite element space Vp,q,r

h
. Writing dD to denote the

dimension of the domain D = ⌦⇥S⇥E (here, dD = 4), we clearly observe that
ku� uhkL2(D) ⇠ O(N (p+1)/dD) as the space-angle-energy mesh T is uniformly

refined for each fixed p. Equivalently, since h ⇠ N
1/dD , where h denotes the

meshsize of T, we note that ku�uhkL2(D) ⇠ O(hp+1) as h tends to zero for each
fixed p. This is the expected optimal rate of convergence with respect to the
L2(D)-norm, though this rate of convergence for the DGFEM approximation
of first-order hyperbolic PDEs is not guaranteed on general meshes, cf. [35]
and the remarks in [10]. Secondly, from Figure 1 we also observe that for fixed
p, p = 0, 1, that the DGFEM-norm of the error behaves like O(N (p+1/2)/dD),
or equivalently O(hp+1/2), as the meshsize h tends to zero. This is in full
agreement with Theorem 7, cf. Remark 2. In the case when p = 2, we observe
that |||u� uh|||DG converges at a slightly faster rate as h tends to zero; despite
the large number of degrees of freedom in Vp,q,r

h
, the meshes are relatively

coarse and hence we expect that we are still in the pre-asymptotic regime.

<latexit sha1_base64="AkD9/hC86j3etyGxkOUXb8a4nfE="></latexit>
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Figure 6: Example 6.2 Convergence of poly-energetic source iteration and right-
preconditioned GMRES. Left: DGFEM-energy norm error against total iteration count
summed over all energy groups. Right: DGFEM-energy norm error against iteration count
for the lowest energy group.

Since Compton scattering only permits energy losses in scattered pho-
tons, the hp–DGFEM equations (12) are solved in the direction of increasing
energy groups (and thus in the direction of decreasing energies). With this
in mind, the a posteriori error estimates of Theorems 3 and 9 are applied for
each energy group rather than for the full energy domain. Thereby, the error
estimates presented in this section are no longer guaranteed upper bounds
for the DGFEM-energy norm solver error within each energy group since an
additional error is incurred due to the use of inexact group fluxes from higher
energy groups as source terms for the lower group problems.

6.2.1. Fixed solver tolerance

For a fixed mesh and polynomial orders, we first consider the performance
of the proposed source iteration and GMRES solvers in the poly-energetic
setting. Since the a posteriori solver error estimates in Theorems 3 and 9 can
be applied on a per-energy-group basis, we consider the e↵ect of employing
a fixed solver tolerance for each energy group. For a given global solver
tolerance ✏, we terminate each group solver when the a posteriori solver
error estimate for the current group drops below ✏

NE
or if the number of inner

31
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Figure 7: Example 6.2. DGFEM-energy norm errors and a posteriori solver error estimates
against number of inner iterations per group.

gence rate to the true solution as the number of inner iterations increases
when compared with the poly-energetic source iteration, we observe that the
corresponding a posteriori solver error estimate occasionally fails to bound
the true DGFEM-energy norm error from above.

6.2.2. Dependence on the discretisation parameters

As for Example 6.1, we now consider the performance of both iterative
linear solvers as we vary the mesh size h and polynomial degree p. To this
end, we first fix the computational mesh; in particular, we consider a space-
angle-energy mesh consisting of |T⌦| = 64 spatial elements, |TS| = 32 angular
elements and |TE| = 8 energetic elements for di↵erent polynomial degrees. In
Figures 8 and 9 we show the dependence of poly-energetic source iteration
and right-preconditioned GMRES, respectively, on the polynomial degree
0  p  4 using a global solver tolerance ⌧ 2 {100, 10�1

, . . . , 10�10}. As in
the mono-energetic case, the convergence of poly-energetic source iteration
is seen to be asymptotically independent of p. Furthermore, the solver error
and a posteriori curves for di↵erent values of p in Figure 8 are often too
close to distinguish; in most cases, the a posteriori error estimate is slightly

34
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Figure 10: Example 6.2. Convergence of poly-energetic source iteration under h–
refinement. Left: DGFEM-energy norm solver errors summed over all energy groups.
Right: DGFEM-energy norm solver error for the lowest energy group.

larger than the solver error, although we remark that the error estimate is
no longer a guaranteed upper bound for the solver error. In the case of
right-preconditioned GMRES, we observe that the solver error reduction per
iteration appears to be independent of p, but that an increase in p corresponds
to a slight delay in the onset of the asymptotic convergence behaviour.

Next we fix p = 2 and consider a sequence of 0  n  4 uniform mesh
refinements of an initial space-angle-energy mesh T0 consisting of |T0,⌦| = 1
spatial elements, |T0,S| = 4 angular elements and |T0,E| = 1 energetic el-
ements. In Figures 10 and 11 we show the dependence of poly-energetic
source iteration and right-preconditioned GMRES, respectively, on the mesh
size h using a global solver tolerance ⌧ 2 {100, 10�1

, . . . , 10�10}. Since we
solve sequentially for each energy group, in order to consider the dependence
on h, we scale the number of iterations required to attain convergence by
the number of energy groups. From Figure 10, we observe that the scaled
number iterations needed to attain convergence actually decreases with h,
but importantly we observe that within the lowest energy group, the number
of iterations required is uniform in h, indicating that the minimal energy,
rather than the size of the energy group governs the rate of convergence.
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Figure 11: Example 6.2. Convergence of GMRES under h–refinement. Left: DGFEM-
energy norm solver errors summed over all energy groups. Right: DGFEM-energy norm
solver error for the lowest energy group.

Analogous behaviour is observed in Figure 11 for the GMRES solver, though
here we do observe that the scaled number of iterations is less sensitive to
mesh refinement.

6.2.3. Discussion

Finally, we comment on the storage requirements of poly-energetic source
iteration and GMRES. While both methods return a solution vector of length
dimV = dimV⌦ ⇥ dimVS ⇥ dimVE, these vectors may be assembled in-
crementally starting from the highest energy group. Thus, for each en-
ergy group 1  g  NE, both methods return a vector of length M =
dimV⌦ ⇥ dimVS ⇥ dimPp(g) corresponding to a block of the full solution
vector. The number of vectors of length M required to perform the imple-
mentation of poly-energetic source iteration as outlined in Section 5 remains
constant as the number of iterations increases, whereas the storage require-
ments for GMRES grow linearly with the dimension of the Krylov subspace
generated at each iteration. While M may be moderately large for practical
applications, Table 2 suggests that, even for the lowest energy group, only
a small number of Krylov vectors of length M may be required to achieve a

37
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Figure 8: Example 6.2. Convergence of poly-energetic source iteration under p–refinement.
Left: DGFEM-energy norm solver errors summed over all energy groups. Right: DGFEM-
energy norm solver error for the lowest energy group.
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Figure 9: Example 6.2. Convergence of GMRES for the poly-energetic model problem
under p–refinement. Left: DGFEM-energy norm solver errors summed over all energy
groups. Right: DGFEM-energy norm solver error for the lowest energy group.
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Figure 9: Example 6.2. Convergence of GMRES for the poly-energetic model problem
under p–refinement. Left: DGFEM-energy norm solver errors summed over all energy
groups. Right: DGFEM-energy norm solver error for the lowest energy group.
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Radiation beam into 10cm x10cm x10cm cube of water
•5cm circular cross section 
•Gaussian energy profile (mean 800keV, fwhm 200keV)
•Gaussian( Von Mises-Fisher) angular distribution
•Compton scattering

[3 Spatial dimensions + 2 angular dimensions + 1 energy dimension]
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Boltzmann (DGFEM) Monte Carlo (Topas MC)
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Summary and Outlook
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• Proposed DGFEM:
Generalization of existing schemes;
Handle complex geometric features in the spatial domain;
Method naturally admits high-order polynomial orders;
New stability and convergence results;
Simple algorithmic structure;
Source iteration convergent independent of the mesh parameters;
GMRES effective in the low energy regime.
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• Proposed DGFEM:
Generalization of existing schemes;
Handle complex geometric features in the spatial domain;
Method naturally admits high-order polynomial orders;
New stability and convergence results;
Simple algorithmic structure;
Source iteration convergent independent of the mesh parameters;
GMRES effective in the low energy regime.

• Extensions:

• Incorporate additional radiotherapy physics (electrons);

• Dosage calculations;

• A posteriori error estimation and mesh adaptation;

• Further validation against Monte Carlo schemes.



References

38

• Houston, Hubbard, Radley, Sutton, & Widdowson. Efficient High-Order 
Space-Angle-Energy Polytopic Discontinuous Galerkin Finite Element 
Methods for Linear Boltzmann Transport. Journal of Scientific Computing (in 
press).

• Radley, Houston, & Hubbard. Quadrature-Free Polytopic Discontinuous 
Galerkin Methods for Transport Problems. Mathematics in 
Engineering, 6(1):192-220, 2024.

• Houston, Hubbard, & Radley. Iterative Solution Methods for High-Order/hp–
DGFEM Approximation of the Linear Boltzmann Transport 
Equation. Computers and Mathematics with Applications, 166:37-49, 2024.


